We present a family of optical quantum states generated by subtraction of photons from the thermal state. The experimental realization of their preparation, measurement, and quantum state reconstruction is demonstrated. The proposed technique allows generation of up to 10-photon subtracted thermal states with the fidelity higher than 99%. Combined with homodyne detection it can also be used for precise measurement of high-order autocorrelation functions.
INTRODUCTION
Preparation and measurement of various quantum states of light are the key stones of quantum optics. So far only several classes of quantum states were available for experimental research. Among them there are displaced and squeezed states, the first few Fock states, Schrodinger cat states and several more. One of them, the thermal state, plays a very special role. On the one hand, it is an easy-to-prepare state, but on the other, it supports classical correlations and can be used as a testing area for some effects based on classical or quantum correlations.
The first pioneer experiment in quantum optics is considered to be the work by Hanbury Brown and Twiss [1] , who investigated correlations in thermal light by means of a beam splitter and a pair of detectors, outputs of which are analyzed with a coincidence circuit. Since then thermal states have been used in many applications including ghost imaging [2] [3] [4] , quantum illumination [5] , and "thermal laser" [6] . Schmidt-like correlations were also observed in thermal states [7] . Recently thermal states have been used in the classical analog of quantum teleportation [8] . In the present paper we demonstrate a family of thermal states modified by multiphoton subtraction.
Photon adding and subtraction is of the great interest in quantum optics, because it provides a tool for direct tests of basic commutation relations [9] ,enables Schrodinger cat and other exotic quantum state preparation [10] . Also it and can be used for probabilistic linear no-noise amplification [11] . One-and two-photon subtracted thermal states were demonstrated for the first time in [12] but in the present work we provide a comprehensive description of multiphoton subtracted thermal states, based on a general approach, suitable for any photon number distribution. We demonstrate the technique of high-fidelity preparation and reconstruction of up to 10-photon subtracted thermal states. The technique discussed in the paper can also be used in some metrological applications [13, 14] .
PHOTON SUBTRACTED STATES
Photon number distribution P (n) is a key characteristic of any quantum state of light. Any particular distribution corresponds to its generating function G(z), which can be defined by equation:
where G (n) is an n-th order derivative. Properties of the annihilation operator and renormalization conditions lead us to the simple description of photon subtraction:
where G 1 (z) is the generating function, which corresponds to the photon subtracted state and µ is a mean photon number of the initial state. Applying (2) k times, one can find the generating function for the k-photon subtracted state:
where µ k is a mean photon number of k-photon subtracted state.
Equations (2) and (3) can be used for calculation of the distribution P (n) (1) as well as for the m-th order correlation function calculation:
Lets consider several examples. The photon number distribution of the Fock state |m is P (n) = δ m,n and its generating function G(z) = z m . After photon subtraction (2) it transforms to G 1 (z) = z m−1 , which corresponds to the state |m − 1 .
Coherent state
A coherent state can be written in the Fock basis as
|n , so its photon number has a Pois-
n! with the mean photon number µ = |α| 2 so the generating function turns G(z) = e µ(z−1) . Applying photon subtraction (2) one can verify that G 1 (z) = G(z), which means that coherent state doesnt change under photon subtraction.
Squeezed vacuum
The photon number distribution of the squeezed vacuum stateŜ(ξ) |0 is [15] 
Its generating function equals
and its mean photon number is µ = G (1) (1) = sinh 2 (|ξ|). Using our approach, we can, for example, calculate a high-order correlation function of squeezed vacuum:
where . . . is the floor function.
Thermal state
The density matrix of a thermal state has a well-known diagonal form:ρ
where
is a Bose-Einstein distribution. This distribution is a particular case of compound Poisson distribution
This distribution have two parameters: the mean photon number µ and coherence parameter a. At a = 1 equation (9) turns into the Bose-Einstein distribution, and at a −→ ∞ (9) turns into the ordinary Poisson distribution. This distribution describes a multimode thermal state, where a is the number of modes [16] . It can be shown, that the same distribution applies also to the single-mode multiphoton-subtracted thermal state [17] .
Its generating function equals:
Using (2) one can show that photon subtraction conserves the type of the distribution, (9) but changes the values of parameters a and µ as follows:
a . Using these iterative relations we can see that a thermal state with the initial parameters µ 0 and a 0 = 1 after subtraction of k photons transforms into the state (8), (9) with parameters
It is quite counterintuitive that the mean photon number increases after photon subtraction. It can be explained as follows. Probabilistic photon subtraction can be realized by means of a low-reflective beam splitter combined with a single-photon detector in the reflection channel, which clicks if the photon annihilation takes place [10] .
As the reflection of the beam splitter is very weak, most of the time there are no detector clicks. However, when a photon is detected it results in the following: 1. there is one less photon after the beam splitter than before; 2. the number of photons before the beam splitter was greater (on the average) than the mean. In our case the second factor is much greater than the first one. Let us mention, that for coherent states with Poisson photon distributions these two factors compensate each other, so the photon subtraction doesnt change the mean photon number. This peculiar behavior can be effectively used as probabilistic amplification due to photon subtraction, which enables higher phase sensitivity in thermal field interferometry [13, 14] .
In contrast, ordinary losses only decrease µ and conserves a.
Using (4), we can show that the correlation function of a k-photon subtracted thermal state equals
This equation is similar to the correlation function for multi-mode thermal state [16] . Photon number distributions for several photonsubtracted thermal states as well as their Wigner functions are shown in Fig. 1 . Following the procedure of photon subtraction, the initial Gaussian function transforms to a ring-shaped function, whose radius is approximately proportional to √ µ k .
The example of a quadrature distribution P (q) for an 8-photon subtracted thermal state is shown in Fig. 2 . It can be shown that its variance σ 2 and the excess kurtosis K ≡ (q −q) 4 /σ 4 − 3 relates to photon distribution parameters a and µ as
These relations can be used for quick estimation of a and µ from homodyne measurements.
EXPERIMENT
The sketch of the experimental setup is shown in Fig.  3 . The initial quasi-thermal state is prepared by passing radiation of a cw He-Ne laser with the wavelength of 633 nm through the rotating ground glass disk [18, 19] . The corresponding coherence time of τ coh = 60 µs approximately equals the time it takes for a point of the disc to cross the laser beam. Photon subtraction is realized by a beam splitter with reflectivity r = 1% combined with an single photon detector, based on an avalanche photodiode (APD) placed in the reflection channel. Finally, the quadrature distribution of the obtained photon subtracted thermal state is measured with the homodyne technique [20] . The registration averaging time equals τ a = 15 µs. Although our setup is very similar to the one in [12] , we use the cw mode instead of the pulsed one to satisfy the condition τ d is the APD dead time. This operation mode enables to register several photo-counts during the averaging time, which effectively results in multiple photon subtraction. Using this technique we were able to prepare up to tenphoton subtracted thermal states. Alternatively, a photon number resolving detector could be used for optical fields with a small correlation time.
The measured conditional quadrature distributions were used to reconstruct the prepared quantum states of light. Figure 3 . Experimental setup. Thermal state ρ thermal is prepared from a HeNe laser radiation by randomizing its phase in a rotating ground glass disk (GGD) [18, 19] . Photon subtractionâ is realized with a low-refractive beam splitter combined with a single-photon APD detector. The quadrature distribution of prepared state is measured with the homodyne detection technique [20] .
RECONSTRUCTION
An easy way to reconstruct the quantum state (8), (9) from experimental quadrature data is based on the relations (13). However, more accurate results can be obtained with the maximum likelihood estimation (MLE). Typically, the MLE is used to reconstruct the density matrix of the stateρ = N n,m=0 ρ n,m |n m| , where N is a limit of maximum photon number [21] . This model is quite general, but not optimal, because it has a too large number of estimated parameters; the corresponding problem is ill-conditioned and requires a lot of computing power. Therefore, it gives rather low precision of estimates. For a considerable set of experimentally available quantum states of light the model, based on the basis of displaced squeezed Fock states and root approach can be used for significant decrease the number of estimated parameters [22] . However, for the purposes of this paper a more simple model is sufficient that is based on the compound Poisson photon number distribution (8) , (9) and has only two parameters a and µ. This model was validated using the usual χ 2 − test. The significance level was higher than 0.01 for all of the prepared and measured states. In Fig. 2 one can see that the dashed red line, obtained by MLE, is a good fit for the experimental quadrature data, plotted as a histogram, and lays close to the solid blue line, which corresponds to the state (8), (9) with theoretically predicted values of a and µ.
RESULTS
Eleven different quantum states were prepared, measured and reconstructed: the initial thermal state with the mean photon number µ = 3, and k-photon subtracted Error bars of the estimated parameters were calculated using the Fisher information matrix. Large uncertainties for k = 9, 10 are due to the small volume of the sampled data (just 500 and 358 points).
We estimate the agreement between theoretical and experimental density matrices by calculating the fidelity:
For all the measured states the fidelity is higher than 99%. The calculated values of infidelity (1 − F ) are presented in Table I . We should mention that quadrature data always suffer from setup imperfections, such as the limited APD efficiency and dark counts. Nonetheless, the estimated distributions are in excellent agreement with the data, while the fidelity with the ideal states is relatively high.
CONCLUSION
A family of photon-subtracted thermal states has been presented based on the compound Poisson photon number distribution. Up to ten-photon subtracted states have been experimentally realized with a single APD by means of a long coherence time of the initial thermal This work was also supported by the Program of the Russian Academy of Sciences in fundamental research.
